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Abstract. Transient solutions of the inhomogeneous Maxwell equations are obtained. The specific current
source belongs to the spherical surface expanding with the velocity of light. Representations of the elec-
tromagnetic field components in the spherical coordinates in terms of the Fourier series are found. The
obtained solutions are correct near the wavefront. The general expressions are applied to a description of
electromagnetic waves produced by different sources and to a discussion of formation of directional waves
and the family of relatively undistorted waves.

PACS. 41.20.Jb Electromagnetic wave propagation; radiowave propagation

1 Introduction

The first consistent consideration of the electromagnetic
waves produced by sources moving with velocities both
less and greater than the velocity of light was carried out
by Heaviside [1]. A general mathematical analysis of the
above problem was given by Bateman [2]. Later on the
different partial solutions of Maxwell’s equations describ-
ing the waves produced by the moving current source were
considered. We note the explicit solutions, obtained in [3,
4] (pulses of line current moving with the velocity of light),
as most connected with the problem discussed in this pa-
per.

We construct the explicit solutions of the initial value
problem to the inhomogeneous Maxwell’s equations in the
space–time domain for the specific sources distributed on
the spherical surface expanding with the velocity of light.
It should be noted that such sources may be realized, in
principle, by means of the pulse of the divergent hard ra-
diation travelling through a medium.

First, we give the algorithm for the construction of the
problem in the general case of the radial current. We ex-
press the components of the electromagnetic field vectors
in the spherical coordinate system and use the variables of
the above coordinates. Representing the electromagnetic
field vectors in terms of one scalar function, we arrive at
the scalar problem. We reduce the obtained scalar equa-
tion to the wave equation, which is solved in the variables
of the cylindrical coordinates by the Smirnov method of
incomplete separation of variables [5] and the Riemann
formula. Expressing the solution of the wave equation in
terms of modes of the cylindrical coordinate system, we
finally represent the components of the electromagnetic
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field vectors in the spherical coordinate system in terms of
the Fourier series only, where the coefficients of the expan-
sions are expressed by means of the inverse Fourier–Bessel
transform integral. For the case of the current source dis-
tributed on a circle that belongs to the expanding sphere,
we find the explicit expressions for the coefficients of the
Fourier series in the space–time domain, using the integral
relations containing three Bessel functions introduced by
Makdonald [6]. It is essential that the obtained solutions
are correct near the wavefront.

We apply the obtained expressions for the description
of the electromagnetic waves generated by the different
point sources moving on the above expanding circle. Each
point of the circle moves along a straight line with the
velocity of light, therefore, this circle is one among curve
types distinguished in [2]. We discuss formation of the
family of relatively undistorted waves and construct the
directional solutions of the Maxwell equation, including
the localized solutions of Brittingham’s type [9].

Note that the found representation of the electromag-
netic field vectors, produced by radial current, differs from
the traditional expansions in terms of the spherical har-
monics [7,8].

2 Representation of the transient
electromagnetic field produced
by a radial current

We construct the solution of the inhomogeneous Maxwell
equations for free space

curl D = −1
c

∂H
∂τ

, curl H = c
∂D
∂τ

+ j,

div D = q, div H = 0. (1)
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Here τ = c t is the time variable, c is the velocity of
light, D and H are the electric induction and the mag-
netic field strength vectors. The current density vector j
and the charge density q equal zero for τ < 0.

The initial conditions are

D = H = 0, τ < 0. (2)

We assume that in the spherical coordinates r, ϑ, ϕ the
current density vector has the radial component only

j = jrer, (3)

where er is the unit radial vector. Then, expressing the
components of the electric and magnetic field vectors in
terms of one scalar function [10]

Dr =
∂2u

∂r2
− ∂2u

∂τ2
, Dϑ =

1
r

∂2u

∂ϑ∂r
, Dϕ =

1
r sinϑ

∂2u

∂ϕ∂r
,

Hr = 0, Hϑ =
c

r sinϑ
∂2u

∂ϕ∂τ
, Hϕ = − c

r

∂2u

∂ϑ∂τ
, (4)

we reduce the vector problem (1) and (2) to the scalar one(
∂2

∂τ2
− ∂2

∂r2
− 1
r2 sinϑ

∂

∂ϑ

(
sinϑ

∂

∂ϑ

)
− 1
r2 sin2 ϑ

∂2

∂ϕ2

)
∂u

∂τ
=

1
c
jr,

∂u

∂τ
= 0, τ < 0. (5)

Hence, using the relation

∂u

∂τ
= rψ, (6)

we obtain the wave equation and, finally, arrive at the
problem(

∂2

∂τ2
−∇2

)
ψ =

1
c
g, ψ ≡ 0, τ < 0, (7)

where g = jr
r .

We construct the solution of the above problem in vari-
ables of the cylindrical coordinate system ρ, ϕ, z by rep-
resenting the wavefunction ψ and the component of the
current density jr in the form

ψ =
∞∑
m=0

ψm

(
cosmϕ
sinmϕ

)
, jr =

∞∑
m=0

jm

(
cosmϕ
sinmϕ

)
,

(8)

where

ψm =

(
ψcos
m

ψsin
m

)
, jm =

(
jcos
m

jsin
m

)
.

Using the Fourier–Bessel transform

F (s, z, τ) =
∫ ∞

0

dρ ρJm(sρ)F (ρ, z, τ),

F (ρ, z, τ) =
∫ ∞

0

ds sJm(sρ)F (s, z, τ), (9)

Fig. 1. The triangular integration domain on the z′, τ ′ plane.

where Jm(sρ) is the Bessel function of the first kind and
F (ρ, z, τ) are the expansion coefficients ψm(ρ, z, τ) or the
functions gm(ρ, z, τ) = 1√

ρ2+z2
jm(ρ, z, τ), we obtain the

problem for the functions ψm(s, z, τ)(
∂2

∂z2
− ∂2

∂τ2
− s2

)
ψm(s, z, τ) = −1

c
gm(s, z, τ),

ψm(s, z, τ) ≡ 0, τ < 0. (10)

The solution of the above problem can be obtained with
the help of the Riemann formula

ψm(s, z, τ) =
1
2c

∫ τ

0

dτ ′
∫ −τ ′+z+τ
τ ′+z−τ

dz′gm(s, z′, τ ′)

× J0

(
s
√

(τ − τ ′)2 − (z − z′)2
)
,

where J0

(
s
√

(τ − τ ′)2 − (z − z′)2
)

is the Riemann func-
tion for the telegraphy equation. The triangular integra-
tion domain on the plane z′, τ ′ is confined by the lines
τ ′ − z′ = τ − z, τ ′ + z′ = τ + z and the axis τ ′ = 0
(see Fig. 1). Making the inverse Fourier–Bessel transform
(9), we get the representations for the coefficients ψm in
the form

ψm(ρ, z, τ) =
1
2c

∫ τ

0

dτ ′
∫ −τ ′+z+τ
τ ′+z−τ

dz′
∫ ∞

0

ds sJm(sρ)

× J0

(
s
√

(τ − τ ′)2 − (z − z′)2
)
gm(s, z′, τ ′). (11)

Collecting the above relation and the expansion (8), we
express the scalar wavefunction ψ in terms of modes of
the cylindrical coordinate system

ψ(ρ, z, ϕ, τ) =
1
2c

∞∑
m=0

(
cosmϕ
sinmϕ

)

×
∫ τ

0

dτ ′
∫ −τ ′+z+τ
τ ′+z−τ

dz′
∫ ∞

0

ds sJm(sρ)

× J0

(
s
√

(τ − τ ′)2 − (z − z′)2
)
gm(s, z′, τ ′). (12)
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Fig. 2. The formation of the expanding circle. The circumfer-
ences 1, 2 have the radiuses β⊥r0 and β⊥(τ + r0).

Note that the obtained expression can be interpreted as
a wavefunction expansion in terms of the Fourier series.
Having obtained the above results and expressions (4, 6),
one can obtain the expansions of the field components, dif-
fering from traditional representation in terms of spherical
harmonics [7].

3 A source on the expanding circle

In this section we give the explicit solution of the scalar
problem (7) in the space-time domain for the source cur-
rent distributed on the specific circle. We assume that the
circle is formed as an intersection of the conical surface
ϑ = ϑ0 with the sphere expanding with the velocity of
light (see Fig. 2). The origin of the coordinate system does
not coincide with the starting point of the current pulse
and the sphere has the radius r = r0 in the initial moment
of time. Then we write the component of current density
vector in the cylindrical coordinates as

jr =
1

2π
δ(ρ− β⊥(τ + r0))

ρ

× δ(z − β‖(τ + r0))f(ϕ, z, τ), τ > 0. (13)

Here f(ϕ, z, τ) is a continuous function, cβ‖ = c cosϑ0 and
cβ⊥ = c sinϑ0 are the projections of the sphere expansion
velocity on the axis z, and on the plane z = const, β2

⊥ +
β2
‖ = 1. Hence the circle has the radius β⊥r0 and lies on

the plane z = β‖r0 (r0 > 0) in the initial moment of time.
Essentially that expression (13) may be incorrect in the
initial moment of time when r0 = 0 (see Sect. 4.1).

Using expression (13), we write the expansion coeffi-
cients of the function g = 1

r j

gm(ρ, z, τ) =
1

2π
√
ρ2 + z2

δ(ρ− β⊥(τ + r0))
ρ

× δ(z − β‖(τ + r0))fm(z, τ), τ > 0,

gm(s, z, τ) =
1

2π
√
β2
⊥(τ + r0)2 + z2

Jm(sβ⊥(τ + r0))

× δ(z − β‖(τ + r0))fm(z, τ), (14)

and write the solution of the problem (10) in the form

ψm(s, z, τ) =

1
4πc

∫ τ

0

dτ ′
∫ −τ ′+z+τ
τ ′+z−τ

dz′
1√

β2
⊥(τ ′ + r0)2 + z′2

× δ(z′ − β‖(τ ′ + r0))Jm(sβ⊥(τ ′ + r0))

× J0

(
s
√

(τ − τ ′)2 − (z − z′)2
)
fm(z′, τ ′).

The inverse Fourier–Bessel transform gives

ψm(ρ, z, τ) =

1
4πc

∫ τ

0

dτ ′
∫ −τ ′+z+τ
τ ′+z−τ

dz′
1√

β2
⊥(τ ′ + r0)2 + z′2

× δ(z′ − β‖(τ ′ + r0))fm(z′, τ ′)

×
∫ ∞

0

ds sJm(sβ⊥(τ ′ + r0))Jm(sρ)

× J0

(
s
√

(τ − τ ′)2 − (z − z′)2
)
. (15)

Assuming that β⊥ 6= 0 one can see that the internal
integral containing three Bessel functions

I int
m (ρ, z′, τ ′) =

∫ ∞
0

ds sJm(sβ⊥(τ ′ + r0))Jm(sρ)

× J0

(
s
√

(τ − τ ′)2 − (z − z′)2
)

is not equal to zero in the domain on the plane τ ′, z′
determined by the inequalities

(ρ− β⊥(τ ′ + r0))2 < (τ − τ ′)2

− (z − z′)2 < (ρ+ β⊥(τ ′ + r0))2

and is expressed via the Legendre function of the first kind
P

1/2
m−1/2(cos θ′) ([11], expression 6.578)

I int
m =

1
ρβ⊥(τ ′ + r0)

P
1/2
m−1/2(cos θ′)

1√
2π sin θ′

,

where

cos θ′ =
1

2β⊥ρ(τ ′ + r0)
×
(
ρ2 + β⊥(τ + r0)2 + (z − z′)2 − (τ − τ ′)2

)
.

Remembering that

P
1/2
m−1/2(cos θ′) =

√
2

π sin θ′
cos mθ′,



88 The European Physical Journal B

ψm(ρ, z, τ) =
1

2π2c((τ + r0)2 − z2 − ρ2)

π∫
T

dθ cosmθ

× fm
(

β‖((τ + r0)2 − z2 − ρ2)
2(τ + r0 − β‖z − β⊥ρ cos θ)

,
(τ + r0)2 − z2 − ρ2

2(τ + r0 − β‖z − β⊥ρ cos θ)
− r0

)
, (19)

ψ(ρ, ϕ, z, τ) =
1

2π2c((τ + r0)2 − z2 − ρ2)

∞∑
m=0

(
cosmϕ
sinmϕ

) π∫
T

dθ cosmθ

× fm
(

β‖((τ + r0)2 − z2 − ρ2)
2(τ + r0 − β‖z − β⊥ρ cos θ)

,
(τ + r0)2 − z2 − ρ2

2(τ + r0 − β‖z − β⊥ρ cos θ)
− r0

)
, (21)

we write the integral I int
m as

I int
m =

1
ρβ⊥(τ ′ + r0)

cos mθ′

π sin θ′
· (16)

When β‖ 6= 0, β⊥ 6= 0, the integration domain is the part
of the triangle, which is confined by the axis z′ = 0 and
the branches of hyperbolas (see Fig. 3)

τ ′=
τ+r0+β⊥ρ

β2
‖

−

(z−z′
β‖

)2

+

(
ρ+β⊥(τ+r0)

β2
‖

)2
1/2

,

τ ′=
τ+r0−β⊥ρ

β2
‖

−

(z−z′
β‖

)2

+

(
ρ−β⊥(τ + r0)

β2
‖

)2
1/2

.

(17)

Note that the intersection points of these hyperbolas lie
on the line τ ′ = −r0.

We calculate the integral (15) by using the property
of a δ-function. We find the lower and upper limits of
integration with respect to τ ′ as the coordinates of the
intersection points of hyperbolas (17) (or one hyperbola
and the axis z′ = 0) with the line z′ − β‖(τ ′ + r0) =

0: T1 = max
[
0, τ

2−z2−ρ2−r2
0+2(β‖z−β⊥ρ)r0

2(τ+r0+β⊥ρ−β‖z)

]
and T2 =

τ2−z2−ρ2−r2
0+2(β‖z+β⊥ρ)r0

2(τ+r0−β⊥ρ−β‖z) , accordingly (see Fig. 3).
Then the expression (15) is reduced to

ψm(ρ, z, τ) =
1

4π2cρ
√

1− β2
‖

T2∫
T1

dτ ′
1

(τ ′ + r0)2

cos mθ(τ ′)
sin θ(τ ′)

× fm(β‖(τ ′ + r0), τ ′), (18)

where the angle θ is defined by

cos θ =
1

2β⊥ρ(τ ′ + r0)
×
(
ρ2 + z2 − (τ + r0)2 + 2(τ − β‖z + r0)(τ ′ + r0)

)
.

We can write the integral (18) by changing the variable of
integration to

θ = arccos
(
ρ2 + z2 − (τ + r0)2

2ρβ⊥(τ ′ + r0)
+
τ − β‖z + r0

β⊥ρ

)
,

then

see equation (19) above

where

T =max
(

0, arccos
1

2β⊥ρr0
(ρ2+z2+r2

0−τ2−2β‖zr0)
)
.

(20)

Hence we get the expansion (8) in the form

see equation (21) above

that gives the explicit representation of a wavefunction in
terms of the Fourier series only.

In the case β⊥ = 1, β‖ = 0, the expanding
circle belongs to the immobile plane z = 0 and
expression (20) yields

ψm(ρ, z, τ) =
1

2π2c((τ + r0)2 − ρ2 − z2)

×
π∫

T (β‖=0)

dθ cosmθfm

(
0 ,

(τ + r0)2 − z2 − ρ2

2(τ + r0 − ρ cos θ)
− r0

)
.

(22)

Formula (22) and expansion (8) give the representation
of the wavefunction ψ produced by a source distributed
on the circle expanding with the velocity of light on the
immobile plane. Note that result (22) can be obtained in
another way by putting β⊥ = 1, β‖ = 0 in expression (13).
Then the integration domain in (15) is determined by two
parabolas

τ2 − (ρ∓ r0)2 − (z − z′)2 = 2(τ + r0 ∓ ρ)τ ′.
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ψm =
εm

2π2c((τ + r0)2 − z2 − ρ2)

π∫
T

dθ cosmθ

 cosmφ
(

(τ+r0)2−z2−ρ2

2(τ+r0−β‖z−β⊥ρ cos θ) − r0
)

sinmφ
(

(τ+r0)2−z2−ρ2

2(τ+r0−β‖z−β⊥ρ cos θ) − r0
)

× f
(

β‖((τ + r0)2 − z2 − ρ2)
2(τ + r0 − β‖z − β⊥ρ cos θ)

,
(τ + r0)2 − z2 − ρ2

2(τ + r0 − β‖z − β⊥ρ cos θ)
− r0

)
,

ψ =
1

2π2c((τ + r0)2 − z2 − ρ2)

∞∑
m=0

εm

π∫
T

dθ cosm
(
ϕ− φ

(
(τ + r0)2 − z2 − ρ2

2(τ + r0 − β‖z − β⊥ρ cos θ)
− r0

))

× cosmθf
(

β‖((τ + r0)2 − z2 − ρ2)
2(τ + r0 − β‖z − β⊥ρ cos θ)

,
(τ + r0)2 − z2 − ρ2

2(τ + r0 − β‖z − β⊥ρ cos θ)
− r0

)
.

where τ ∓ ρ > 0.
The particular case β⊥ = 0, β‖ = 1 is considered in

Section 4.1.
The expression (21) permits us, in principle, to ob-

tain the correct solutions of the inhomogeneous Maxwell
equations, including the wavefront, for the source on the
expanding circle. One can easily get the components of
the magnetic field strength vectors Hϕ, Hϑ with the help
of (4) and (6) by differentiating solution (21) with respect
to the angular variables ϑ, ϕ. Note that the calculation
of the electric field components involves integration with
respect to the time variable, which is not, in general, a
trivial problem.

4 Application

Let us consider the point source moving on the expand-
ing circle which belongs to the sphere r = τ + r0. This
particular case allows us to discuss the peculiarities of the
description of the structure of the wavefunction and elec-
tromagnetic field components as near the wavefront as in
the domain τ−r > r0. We get the condition for the simpli-
fication of the problem (7), (13) (r0 = 0). We discuss for-
mation of a family of relatively undistorted waves by the
point source and directional waves by sources distributed
on the above circle.

4.1 Wavefunction representation for a moving point
source

We assume that the point source moves with a varying
angular velocity on the circle belonging to the expanding
sphere and write the relation for the current density in

the form

jr =
δ(ρ− β⊥(τ + r0))

ρ

× δ(z − β‖(τ + r0))δ(ϕ − φ(τ))f(z, τ). (23)

One can see that this description of source is incorrect in
the initial moment of time if r0 = 0 (ρ0 = z0 = 0). Note
that the circle plane moves with the velocity less than
that of light, but the velocity of the point source is equal
or greater than the velocity of light.

The coefficients gm(ρ, z, τ) = 1√
ρ2+z2

jm(ρ, z, τ) are

given by

gm =
εm

πρ
√
ρ2 + z2

δ(ρ− β⊥(τ + r0))δ(z − β‖(τ + r0))

× f(z, τ)

(
cosmφ(τ)
sinmφ(τ)

)
,

where

εm =

{
1/2, m = 0
1, m 6= 0

.

Using the above expression and formula (19) we get

see the first equation above

and write the wavefunction ψ as

see the second equation above
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ψ =
1

2πc((τ + r0)2 − z2 − ρ2)

π∫
T

dθδ
(
ϕ− θ − φ

(
(τ + r0)2 − z2 − ρ2

2(τ + r0 − β‖z − β⊥ρ cos θ)
− r0

))

× f
(

β‖((τ + r0)2 − z2 − ρ2)
2(τ + r0 − β‖z − β⊥ρ cos θ)

,
(τ + r0)2 − z2 − ρ2

2(τ + r0 − β‖z − β⊥ρ cos θ)
− r0

)
. (24)

ψ =
1

2πc ((τ + r0)2 − z2 − ρ2)
h
(
τ2 − z2 − ρ2 − r2

0 + 2r0(β‖z + β⊥ρ cos(ϕ− ϕ0))
)

× f
(

β‖((τ + r0)2 − z2 − ρ2)
2(τ + r0 − β‖z − β⊥ρ cos(ϕ− ϕ0))

,
(τ + r0)2 − z2 − ρ2

2(τ + r0 − β‖z − β⊥ρ cos(ϕ− ϕ0))
− r0

)
, (25)

Interchanging the summation and integration in the above
expression and using the relation δ(ϕ− φ(θ) − θ) = 1

2π +
1
π

∑∞
m=1 cosm(ϕ−φ(θ)) cosmθ, we arrive at the following

result

see equation (24) above.

Hence to obtain the explicit expression for the wave-
function, we have to solve the equation ϕ − θ −
φ
(

(τ+r0)2−z2−ρ2

2(τ+r0−β‖z−β⊥ρ cos θ) − r0
)

= 0 with respect to the
variable of integration θ. Using the obtained expressions,
one can get the correct representations of the wavefunction
in the case of the point source moving on the expanding
circle.

4.2 Electromagnetic field representation for the point
source

Using the results of Section 4.1, we obtain the expressions
for the wavefunction and the components of the magnetic
strength vector for the source moving along the straight
line with the velocity of light and get the condition per-
mitting simplification of problem (7, 13).

Let the point source move along the straight line
deflected from the axis z by the angle ϑ0. Then the
function φ(τ) = ϕ0 does not depend on the time vari-
able and the integration in expression (24) can be easily
performed. Choosing the integration limit in (20) T =
arccos 1

2β⊥ρr0

(
ρ2 + z2 + r2

0 − τ2 − 2β‖zr0
)

we obtain the
expression correct near the wavefront

see equation (25) above

where

h(x) =

{
0, x < 0
1, x > 0

is the Heaviside function defined by the argument of the
δ-function and the limit of integration T .

Fig. 3. The usage of the z′, τ ′ plane diagrams for the definition
of limits of integration in expression (18); 1 – the line z′−β‖τ−
β‖r0 = 0; 2, 3 – the hyperbolas (16); ”- - -” – the asymptotes of
the hyperbolas; a, b – the intersection points of the hyperbolas
3 and 2 with the line 1; (a) the case τ2− z2−ρ2− r2

0 + 2(β‖z−
β⊥ρ)r0 > 0, T1 = 0; (b) the case τ2 − z2 − ρ2 − r2

0 + 2(β‖z −
β⊥ρ)r0 < 0; T1 = τa, τa is the τ coordinate of the point a.

Writing the above expression in the variables of the
spherical coordinate system

ψ =
1

2πc ((τ + r0)2 − r2)
h
(
τ2 − r2 − r2

0 + 2rr0 cosΘ
)

× f
(
β‖((τ + r0)2 − r2)
2(τ + r0 − r cosΘ)

,
(τ + r0)2 − r2

2(τ + r0 − r cosΘ)
− r0

)
,

(26)
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where

cosΘ = cosϑ0 cosϑ+ sinϑ0 sinϑ cos(ϕ− ϕ0),

we get the components of the magnetic field strength vec-
tor for the source moving along the straight line from the
origin of the coordinate system by using the relations (4, 6)
and taking the limit r0 → 0

Hϕ = Hϕδ +Hϕh =
β‖ sinϑ− β⊥ cosϑ cos(ϕ− ϕ0)

4πr(1− cosΘ)

× δ(τ − r)f(0, 0)− 1
2π(τ2 − r2)

h(τ − r)

× ∂

∂ϑ
f

(
β‖(τ2 − r2)

2(τ − r cosΘ)
,

τ2 − r2

2(τ − r cosΘ)

)
, (27)

Hϑ = Hϑδ +Hϑh =
1

4π
δ(τ − r)β⊥ sin(ϕ− ϕ0)

r(1− cosΘ)
f(0, 0) +

1
2π
h(τ − r)

× 1
sinϑ(τ2 − r2)

∂

∂ϕ
f

(
β‖(τ2 − r2)

2(τ − r cosΘ)
,

τ2 − r2

2(τ − r cosΘ)

)
.

(28)

We assume that the point source moves from the ori-
gin of the coordinate system (r0 = 0) and write the
source (13) as

jr(ρ, ϕ, z, τ) =
δ(ρ− β⊥τ)

ρ
δ(z − β‖τ)δ(ϕ − ϕ0)f(z, τ).

Then we get from (24), where r0 = 0, φ = ϕ0,

ψ =
1

2πc(τ2 − r2)
f

(
β‖(τ2 − r2)

2(τ − r cosΘ)
,

τ2 − r2

2(τ − r cosΘ)

)
.

(29)

Using formula (4) and expression (29), we describe the
magnetic field vector components by the second terms
Hϕh, Hϑh of expressions (27, 28). These results are correct
in the space-time domain τ − r > 0 and on the wavefront
if the condition f |τ=0 = 0 is true. It should be noted that
this condition is also necessary in the common case of the
angular source representation δ(ϕ− φ(τ)).

4.3 On the family of relatively undistorted waves

Let us write expression (29) in the form

ψ=
1

2πc (τ2−z2−ρ2)
f

(
τ2−z2−ρ2

2(τ−β‖z−β⊥ρ cos(ϕ−ϕ0))

)
.

(30)

One can see that the above expression describes the
family of relatively undistorted progressing waves with
distortion factor 1

τ2−z2−ρ2 and the phase function

τ2−z2−ρ2

2(τ−β‖z−β⊥ρ cos(ϕ−ϕ0)) , here we use Courant, Hilbert
terms [12].

When β⊥ = sinϑ0 = 0, β‖ = cosϑ0 = 1, one gets
from (30) the wavefunction

ψ =
1

2πc (τ2 − z2 − ρ2)
f

(
1
2

(
τ + z − ρ2

τ − z

))
, (31)

akin to the relatively undistorted axial symmetric
solution of a homogeneous wave equation ψ =

1
τ−zf

(
τ + z − ρ2

τ−z

)
[13], describing the family of local-

ized waves of Bessel-Gauss type, and different from it by
the distortion factor only.

Note that expression (31) can be obtained with the
help of Bateman’s transfer [13,14]

f ′(ρ, z, τ)→ ψ(ρ, z, τ) ≡ 1
z − τ

× f ′
(

ρ

z − τ ,
ρ2 + z2 − τ2 − 1

2(z − τ)
,
ρ2 + z2 − τ2 + 1

2(z − τ)

)

from the function f ′ = − 1
τ+zf

(
− 2α
τ+z

)
.

If β⊥ = sinϑ0 = 1, β‖ = cosϑ0 = 0, then (30) gives

ψ =
1

2πc (τ2 − ρ2 − z2)
f

(
τ2 − z2 − ρ2

2(τ − ρ cos(ϕ− ϕ0))

)
. (32)

In order to get the above result the arbitrary function f
in expression (23) has to necessarily depend on the time
variable τ .

Expression (30) and results of Section 4.2 allow us to
discuss the opportunity of formation of relatively undis-
torted waves by different point sources. It should be noted
that results (27) and (28) can be interpreted as relatively
undistorted solutions of Maxwell equations in the space-
time domain τ − r > 0.

4.4 Formation of directional waves

Let us apply the obtained results of Section 3 to construct
the specific directional solutions of the wave equation. We
assume that the source is distributed on the circle which
begins its expansion from the origin of the coordinate sys-
tem r0 = 0, and obtain the expression for the mth wave
mode ψm(ρ, ϕ, z, τ) = ψmeimϕ in the space-time domain
τ − r > 0 only. We write the function fm(z, τ) in expres-
sion (14) as exp(−ατ ), where α is a positive constant. Then
one gets the coefficients ψm(ρ, z, τ) from (19) in the form

ψm =
cm

2π2c(τ2 − z2 − ρ2)
exp

(−2α(τ − β‖z)
τ2 − z2 − ρ2

)

×
π∫

0

dθ cosmθ exp
{

2αβ⊥ρ
τ2 − z2 − ρ2

cos θ
}
.
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Remembering that
π∫
0

dθ cosmθez cos θ = πIm(z) ([11],

8.431.5), where Im(z) is the modified Bessel function of
the first kind, we obtain the wavefunction of order m

ψm(ρ, z, ϕ, τ) =
cmeimϕ

2πc(τ2 − z2 − ρ2)

× exp
{
−

2α(τ − β‖z)
τ2 − z2 − ρ2

}
Im

(
2αβ⊥ρ

τ2 − z2 − ρ2

)
. (33)

which is similar to the focus wave modes of Bessel-Gauss
type [15,16]. Note that the latter can not be reduced
to (33) by any parallel translation and rotation of the
coordinate system.

When the argument 2β⊥αρ
τ2−z2−ρ2 of the modified Bessel

function is large, the mth term of the above expansion can
be represented as

ψm(ρ, z, ϕ, τ) ' cmeimϕ

4πc

[
1

παβ⊥ρ(τ2 − z2 − ρ2)

]1/2

× exp
{
− 2α
τ2 − z2 − ρ2

(τ − β‖z − β⊥ρ)
}
. (34)

Let us consider expression (33) in the limiting cases.
(i) When the point source moves with the velocity of

light along the axis z (β⊥ = 0), the axial symmetric mode
differs from zero only

ψ(ρ, ϕ, z, τ) = ψ0(ρ, z, τ) =
c0

2πc(τ2 − z2 − ρ2)

× exp

{
−2α

(
τ + z − ρ2

τ − z

)−1
}
. (35)

The above wavefunction tends to zero as τ2− z2−ρ2 → 0
(τ − z 6= 0) and describes the space-time structure of
a wave localized in the domain close to the axis z. Re-
sult (35) is the particular case of expression (31).

(ii) When the source is distributed on a circle lying on
the immobile plane z = 0 (β‖ = 0) and expanding with
the velocity of light we get from (33)

ψm(ρ, z, ϕ, τ) =
c0eimϕ

2πc(τ2 − z2 − ρ2)

× exp
{
− 2ατ
τ2 − z2 − ρ2

}
Im

(
2αρ

τ2 − z2 − ρ2

)
. (36)

For the large value of the argument 2αρ
τ2−z2−ρ2 we arrive at

the following expression

ψm(ρ, z, τ) ' cmeimϕ

4πc

[
1

παρ(τ2 − z2 − ρ2)

]1/2

× exp

{
−2α

(
τ + ρ− z2

τ − ρ

)−1
}
. (37)

The above result describes the directional structure of
the wave modes ψm(ρ, ϕ, z, τ) in the vicinity of the plane
z = 0.

In the general case the directionality of the formed
wave modes is governed by the current density vector.

Note that one can easily get the terms of the expan-
sions of the magnetic field strength components by differ-
entiating the wave functions ψm(ρ, z, τ)eimϕ with respect
to the angular variables ϕ and ϑ.

5 Conclusion remarks

The completed investigation was stimulated by the prob-
lem of the description of the electromagnetic waves pro-
duced by a pulse of hard radiation travelling through a
medium. Recall the physical basis of the macroscopic elec-
tric current formation. When the main processes of inter-
action of hard radiation quanta with atoms of the medium
are photoabsorption and the Compton effect, then the
angular distributions of photoelectrons and compton-
electrons have a certain directionality towards the direc-
tion of propagation of the X-ray pulse. Therefore, ab-
sorption of the energy of the pulse of X-rays results in
a partially regular motion of the electrons, i.e. the forma-
tion of the electric current. The space–time structure of
the current distribution is determined by parameters and
the structure both of the X-ray pulse and the domain ab-
sorbing the quanta. Thus, the point source moving with
the velocity greater than light (simplified model in Sect. 4)
may be formed by the δ-pulse of the divergent hard radi-
ation and the absorbing domain having the shape of the
curve on the conical surface.

The expansions in terms of modes of the cylindrical co-
ordinate system allow one to give adequate description of
the peculiarities of the space–time structure of the wave-
functions and, consequently, of the electromagnetic fields
produced by the divergent hard radiation.

Note that the transient fields have alternative de-
scriptions in terms of spherical harmonics which can be
obtained by using the results obtained in [7,8]. This
description is beyond the scope of the present paper.

The research described in this publication was made possible
in part by Grant 99-02-16893 from the Russian Basic Research
Fund.
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